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Abstract: Adopting the point of view of risk management and regulation, there is an
accepted idea that risk measurements are pro-cyclical: in times of crisis, they
overestimate the future risk, while they underestimate it in quiet times. We examine two
questions: How to quantify the pro-cyclicality in the way financial institutions measure
risk? How to explain it? Using a methodology novel to empirical finance, we evaluate the
error made on risk measurement itself, considering the market state. We introduce a new
indicator conditioned to the realized volatility, which quantifies the difference between the
historically predicted risk and the estimated realized future risk. We identify, empirically
and theoretically, two main factors characterizing this pro-cyclical effect: the clustering
and return-to-the-mean of volatility, as expected but not quantified until now, and, more
surprisingly, the very way risk is measured, independently of the first factor. It means

that pro-cyclicality of risk measurements exists independently of business cycles!

This is a joint work with Marcel Brautigam (ESSEC CREAR & Sorbonne Universiteé, LPSM)
and Michel Dacorogna (Prime Re Solutions, Zug)

Marie Kratz, ESSEC CREAR
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= Since the introduction of risk-based solvency regulation, pro-cyclicality has been a
subject of concerns from all market participants.

= Accepted idea: risk measurements made with 'regulatory’ risk measures, are pro-
cyclical:
* in times of crisis, they overestimate the future risk
* they underestimate it in quiet times

= Quoting Gilles Moec, Chief Economist of AXA, 'The big mistake of 2010 was to
impose austerity at the worst time' (Le Monde, 2020/01/21. Translated).

= Two questions:

1. How to quantify the pro-cyclicality in the way financial institutions measure
risk?
2. How to explain it?

Marie Kratz, ESSEC CREAR
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1.1 — Traditional risk measurement - VaR

" |In financial markets, most popular risk measure: Value-at-Risk (VaR) defined, for a loss
rv L (with cdf F), at level « € (0,1), by

VaR(a) =infilx e R: P(L < x) = a}

= Practically, VaR estimated on a (L4, -+, L,,) historical sample as an empirical quantile:
n
- 1
VaR(L) = Fn_;%(a) = inf{x : EZ M(L<x) 2= a} = Linq
i=1

= Known pro-cyclicality of risk estimation

Marie Kratz, ESSEC CREAR
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1 — How to quantify pro-cyclicality? COLLOQUIUM 2020

1.1 — Traditional risk measurement - VaR

= Known pro-cyclicality of risk estimation
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1.2 — Sample Quantile Process (SQP): dynamic extension of VaR

Consider the measurement itself as a stochastic process:

= Sample Quantile Process (SQP) (Miura (92), Akahori (95), Embrechts & Samorodnitsky
(95)). For L = (L;,t = 0), a € (0,1), a fixed time frame T, and a random measure
pon R* at time t:

t

ftt_T u(s)ds jt—T

[(1g<x) dpi(s) 2 0!}

= Ex: 4 = Lebesgue measure: the VaR process Qr , (L) becomes:
t

1
Qrac(L) = inf{x ’ _j [ g<x) ds 2 a}
TJir

= Empirical estimator of Q: ‘rolling-window' empirical VaR

. A | 1
Q1o (L) = VaRp , (L) = lnf{x : T z l,<x) 2 a}

LE(t-T,T)
Marie Kratz, ESSEC CREAR
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Empirical study done over 11
stock indices of the major
developed economies

Example of the S&P 500
T=1 year
Monthly rolling-window VaR

r=YaR value
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1.3 — A proxy for market states: annualized realized volatility

Estimated via:

1/k
t—1 k

_1

i=t—n

t—1

1
K=y D,
=t

i=t—n

Uk,n(t — 1) =

k=2: v2,n=
k=1: vl,n=

(t) is the empirical standard deviation
(t) is the empirical mean absolute deviation (MAD)

USA: S&P 500
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1.3 — A look-forward ratio of SQP, conditioned on realized volatility

To quantify the predictive power of the SQP, according to the volatility state:

Ql a,t + 1y(L)
QT, a,t(L)

with: QL . 1y(L): estimated realized risk at time (t + 1y) (a posteriori) (empirical VaR on
1 year, as asked by regulators)

Q. o, (L) used as a predictor of the risk 1 year later (t + 1y),

Rror =

" Rp g, = 1:correctly assess the future risk’
" Ry, > 1:under-estimation of the future risk’
" Ryt < 1:over-estimation of the ‘future risk’

Marie Kratz, ESSEC CREAR
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1.3 — Relation between Volatility and log-Ratio

USA: S&P 500
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1.4 — Quantification via volatility binning

Average USA:S&P 500
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The average SQP-ratios Ry 4, with T = 1y and @ = 99%, within 10 uniform bins of
volatility (in ascending order) over the whole historical sample, for the average over all
11 indices (left plot) and for the S&P 500 index (right plot).
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2.1 — Two factors

= Use models able to isolate effects:

» a GARCH(1,1) model (with normal and Student innovations) : to

explore if the volatility clustering present in the data is fast enough
to produce pro-cyclicality

» an iid model: to check if the very way we measure risk,
independently of volatility models, hence of business cycles, creates

negative dependence between the log-ratio and the realized
volatility.

* Compute: Cor(log Rn,a,t,at)

Marie Kratz, ESSEC CREAR
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Value of log-ratios (normalized)

“ —

2.2 — Empirical Results

USA: S&P 500 USA: S&P 500 GARCH USA: S&P 500 iid
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Value of logarithm of ratios (normalized)
Yalue of logarithm of ratios (normalized)
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2.3 — Theoretical results

» Bivariate CLT between functions of the estimators of the SQP and of the dispersion measure, m(X, ),
for iid model X, under some conditions (E[X?] < oo for MAD (r=1)):

_ d
ﬁ< i (4(@)) = s (4x(0)) ) = W (0,r™)
hz(m(X; n, 7") - hZ(m(X’ T')) n — oo
(h; are continuous differentiable real functions)
i . Ant+1y(@)| A |F(1)
In particular, 1}1_1)130 Cor (log i@ |’ n) =745 D)
11~ 22

» Bivariate FCLT for the GARCH: Under some conditions, the asymptotic distribution of the logarithm of
the look-forward ratio of the risk measure estimator with the r-th absolute central sample moment (in
part. MAD) is bivariate normal too, with a negative correlation, which structure is as in the iid case.

» Extension of the results to the main popular risk measures, as Expected Shortfall, Expectile

» Hence: no matter the choice of risk measure (VaR, ES, expectile) or dispersion measure (r-th absolute
central sample moment), one has pro-cyclicality !

Marie Kratz, ESSEC CREAR
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= Pro-cyclicality of the SQP, a dynamic generalization of VaR, confirmed and quantified (by
conditioning to realized volatility)

= |dentification of 2 factors explaining pro-cyclicality of risk measurement,
1. clustering effect of the volatility (via GARCH models)
2. the way risk is measured, independently of business cycles (via iid model)
with a negative dependence between the realized volatility and the log SQP-ratios shown
empirically and confirmed theoretically

=  Regulation should, in fact, enhance the capital requirements in quiet times and relax them
during the crises. It means introducing anti-cyclical risk management rules

= Regulators are aware of it and address it indirectly (Basel Ill, economic measures; Solvency 2,
transitional measures). Our methodology should allow to address it directly

¢, Our ongoing work: design of a SQP with proper dynamical behavior as a good basis for
anti-cyclical regulation

Marie Kratz, ESSEC CREAR
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= FEmpirical study:

M. Brautigam, M. Dacorogna, M. Kratz (2018-2019). Pro-Cyclicality of
Traditional Risk Measurements: Quantifying and Highlighting Factors at its
Source

= Theoretical study:
M. Brautigam and M. Kratz (2019). On the Dependence between Quantile
and Dispersion Estimators

M. Brautigam and M. Kratz (2019). Bivariate FCLT for the Sample Quantile
and Measures of Dispersion for Augmented GARCH(p,q) processes

e M. Brautigam and M. Kratz (2019-20). The Impact of the Choice of Risk and
Dispersion Measure on Procyclicality

Marie Kratz, ESSEC CREAR
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Disclaimer:

The views or opinions expressed in this presentation are those of the authors and do not necessatrily reflect
official policies or positions of the Institut des Actuaires (IA), the International Actuarial Association (IAA) and
its Sections.

While every effort has been made to ensure the accuracy and completeness of the material, the IA, IAA and
authors give no warranty in that regard and reject any responsibility or liability for any loss or damage
incurred through the use of, or reliance upon, the information contained therein. Reproduction and
franslations are permitted with mention of the source.

Permission is granted to make brief excerpts of the presentation for a published review. Permission is also
granted to make limited numbers of copies of items in this presentation for personal, internal, classroom or
other instructional use, on condition that the foregoing copyright notice is used so as to give reasonable
notice of the author, the IA and the IAA's copyrights. This consent for free limited copying without prior
consent of the author, IA or the IAA does not extend to making copies for general distribution, for advertising
or promotional purposes, for inclusion in new collective works or for resale.
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